Abstract: We discuss in detail the options for parity assignments in N = 2 five-dimensional Yang-Mills-Einstein supergravity theories (YMESGTs) coupled to tensor and/or hypermultiplets on the orbifold spacetime M 4 × S 1 /Z 2 . This will be useful in the analysis of the low energy effective theories that one obtains on such spacetimes. In contrast to Randall-Sundrum or Horava-Witten motivated scenarios, and along the lines of orbifold-GUTs, we allow for general gauge symmetry breaking at the orbifold fixed planes. We then extend the discussion to the case where the orbifold is S 1 /(Z 2 × Z 2 ). In contrast to many orbifold-GUT scenarios, we do not consider the possibility of multiplets with support only at fixed points, which would arise from the presence of physical branes located at the boundaries in the downstairs picture (equivalently, from twisted sectors in a string theory analysis). As in the familiar case of (rigid) super-Yang-Mills theories on such orbifolds, only hypermultiplets can lead to chiral multiplets in complex representations of the gauge group. Massless chiral multiplets coming from bulk vector or tensor multiplets can potentially be used as Higgs supermultiplets, since a scalar potential is present for the fields propagating along the fixed planes. We also find parity assignments for objects other than fields that appear in the Lagrangian, which characterize the structure of interactions at the orbifold fixed planes. We use an interesting example based on an SU (5, 1) YMESGT to illustrate the use of the parity assignments.
Introduction
Phenomenological model building has recently re-focused on scenarios in which the universe appears higher-dimensional above some energy scale [1] . The original Kaluza-Klein scenarios involved compactification on S 1 or tori, and attempts were made in obtaining 4D gauge and gravitational symmetries from the higher dimensional gravitational theory (or supergravity, introducing fermions). In [2] , it was pointed out that the estimated scale of strong-electroweak unification was around the energy scale where a Kaluza-Klein type universe may not be able to be approximated by a 4D theory, in which case grand unification would occur in higher dimensions. Earlier, the authors of [3, 4] had constructed models in which one has a pure GUT gauge theory in higher dimensions, leading to a low energy theory with Standard Model gauge group and Higgs sector. These Kaluza-Klein theories did not yield the Standard Model for reasons depending on the scenarios.
Subsequently, the Horava-Witten scenario [5] and Randall-Sundrum scenarios [6] revived the idea that there could be a five-dimensional universe at some intermediate energy scale, but not via compactification on S 1 (or tori in higher dimensional versions). Instead, the ground state spacetime is an orbifold M 4 × S 1 /Γ (upstairs picture), which corresponds to a manifold with boundaries (downstairs picture). This spacetime can resolve a number of issues in the supersymmetric Standard Model and supersymmetric Grand Unified Theories (GUTs), as well as move closer to realizing the goals of the earlier Kaluza-Klein scenarios.
Since an orbifold spacetime is singular, field theories are not well-defined on it, which requires some further interpretation (in the downstairs picture, the boundary is sharp). Supergravity admits solitonic solutions that could ultimately be interpreted as the boundaries these theories; these solutions are domain walls with some thickness, smoothing out the singular nature of sharp boundaries. Supergravity in orbifold scenarios is interesting for other reasons. Bottom-up studies have focused on strong-electroweak unification scenarios in which rigid supersymmetry has been shown to enhance predictions of sin 2 θ W [7] . As the familiar argument goes, the gauge couplings in such scenarios unify at a scale close to the scale at which quantum gravitational effects are expected to be non-negligible. Since there is a significant interpolation involved in these suggestive results, one might look for unification of gauge and gravitational couplings. Therefore, the next step in bottom-up model building is to consider supergravity versions of the interesting scenarios.
Orbifold constructions have been performed many times in the literature for both rigidly and locally supersymmetric field theories; for examples of the former, see [1] ; for the latter, see [8, 9, 10] . The generic result is a 4D boundary theory that preserves N = 1 supersymmetry and a broken gauge group, which continues to hold in the 4D low energy effective theory. However, a systematic classification of the types of boundary theories available via parity assignments has not been performed for Yang-Mills-Einstein supergravity theories (YMESGTs) coupled to vector, hyper-, and tensor multiplets. In this second paper of a series [11] , we hope to provide a more complete list of options for the low energy spectrum via parity assignments in the simple case of the S 1 /Z 2 orbifold. We will then extend our results to the case S 1 /(Z 2 × Z 2 ). Some of the results are generic to theories with super-Yang-Mills coupled to hypermultiplets, while others are unique to supergravity.
In the next section, we will make introductory remarks about field theory on orbifolds. In section 3, we discuss the assignments of Z 2 parities of bosonic fields and other relevant objects appearing in the Lagrangian. We will visit the pure Yang-Mills-Einstein, tensor, and hypermultiplet sectors in turn. We collect the results in section 3.7. In section 4, we discuss fermionic parity assignments in 2-component spinor notation. This allows one to see how the N = 1 multiplets will form at the orbifold fixed points. We summarize the types of supermultiplets one gets in the case of S 1 /Z 2 orbifolds in section 5. In section 6, we extend to the case S 1 /(Z 2 × Z 2 ), again listing the types of multiplets one can get in tables. We illustrate with some novel examples. We end with concluding remarks and future directions, followed by the appendices.
Orbifold field theory
A spacetime of the form M 4 × I, where I is an interval, is isomorphic to the orbifold M 4 × S 1 /Γ, where Γ is a discrete subgroup of the U (1) isometry group of the circle. Instead of considering a 5D theory with a boundary (downstairs picture), it is often convenient to compactify the 5D theory on S 1 , followed by assignment of Γ-parities to quantities in the theory (upstairs picture). The choice of Γ reflects different classes of boundary conditions from the downstairs point of view. We will first consider the simplest case Γ = Z 2 , which results in a theory with equivalent spectra and interactions at the two fixed points.
The choice of the way Z 2 acts on quantities in the theory reflects a particular set of consistent boundary conditions. First of all, Z 2 cannot have a free action on S 1 , so there will be fixed points. In particular, it acts as reflections on the S 1 covering space [−πR, πR] (where −πR ≡ πR), with fixed points at {0}, {πR}. However, when fields carry internal quantum numbers, they are sections of a fiber bundle, with spacetime being the base space. In such a situation, it makes sense for the action of Z 2 to be lifted from the base space to the total space [14] . There are a number of ways to perform this lift, corresponding to various classes of boundary conditions. Just as the Z 2 action on the covering space S 1 results in a singular space S 1 /Z 2 , the Z 2 action on the total space will, in general, change the structure of the fibers over the base space.
In particular, we are interested in gauge theories, so there will be a gauge bundle. Not only do fields carry gauge group representation indices, but also other objects appearing in the Lagrangian. For example, in a YMESGT where I, J are adjoint indices,
• a IJ is proportional to the scalar-dependent Cartan-Killing metric, and C IJK is a rank-three symmetric invariant (in the case of SU (N ) gauge groups, these are proportional to the d-symbols). Such quantities are structures appearing in the gauge bundle, and are therefore generally affected by modifications of the gauge bundle resulting after Z 2 action. This gives meaning to assigning these objects Z 2 parities.
Although physical states on M 4 ×S 1 /Z 2 must be even under Z 2 -action, the field operators can carry even or odd parity. A field on M × S 1 can be expressed as a sum over Kaluza-Klein modes; but under Z 2 action, the spacetime becomes singular. The general expansion of an odd parity field will have nth term of the form
where ǫ(x 5 ) is the step function on S 1 ; the Φ (n)
− (x µ ) are even; and A n , B n are normalization factors.
The equations of motion for bosonic fields are 2nd order differential equations, so these fields cannot have ǫ(x 5 ) factors (otherwise, there will be δ ′ and δ 2 factors in the equations of motion, with δ(x 5 ) being the Dirac distribution). Therefore, we impose the condition B n = 0 for bosonic fields. From (2.1), it's clear that the bosonic fields Φ(x µ , x 5 ) vanish at the orbifold fixed planes. 1 On the other hand, the equations of motion for fermionic fields are 1st order differential equations, so ǫ(x 5 ) factors are allowed (they will give rise to δ(x 5 ) factors in the equations of motion). Therefore, fermionic fields on S 1 /Z 2 do not necessarily have well-defined limits in the upstairs picture.
Field-independent objects C carrying gauge indices that are assigned odd parity can be redefined as either ǫ(x 5 )C or κ(x 5 )C, where C is now even, and
In the downstairs picture, the latter choice corresponds to a boundary condition that C vanishes.
Bosonic fields
In this paper, we consider Yang-Mills-Einstein supergravity in five dimensions (with general couplings to hyper-and tensor multiplets) 2 , with minimal N = 2 supersymmetry. For a detailed discussion of Maxwell-Einstein and Yang-Mills-Einstein supergravity theories, see [12, 13] ; we review some of the things we will need in the appendices.
1 If a gauge field Aµ vanishes in a region, gauge invariance of the fieldstrength Fµν requires the latter to vanish as well.
2 A Maxwell-Einstein supergravity theory (MESGT) is where there is a local abelian symmetry of the Lagrangian; a YMESGT is where isometries of the scalar manifold are gauged; and a "gauged MESGT" (or YMESGT) is where a subgroup of SU (2)R is gauged.
Generic assignments
To leave the space M 4 × S 1 /Z 2 invariant under the Z 2 action, the coordinate functions, basis vectors, basis 1-forms, and metric components have
where P (Φ) denotes the Z 2 parity of the object Φ. The 5D volume form thus changes in orientation, which means the action will at best be invariant up to overall sign change. It is sufficient to require that the Z 2 action leaves the Lagrangian invariant. This will put constraints on the relative parities of the fields. Furthermore, consistency of local coordinate transformations, supersymmetry transformations and gauge transformations will constrain the parity assignments even further. Equations (B.5) require P (C µ ) = −1 and P (ρ) = +1.
That C µ does not propagate along the fixed planes is a reflection of the fact that it is a Kaluza-Klein gauge field for the theory on M 4 × S 1 . The local coordinate tranformation parameters ξ µ and ξ 5 must transform the same as their corresponding coordinate functions, so P (ξ µ ) = +1 and P (ξ 5 ) = −1. From (B.6), it follows that
Vector sector
The dimensionally reduced Maxwell-Einstein Lagrangian is invariant under the parity assignments discussed so far. However, there is remaining freedom in the assignments of the vector fields, which we will now discuss. In [12] , it was shown that the C IJK defining a MESGT may be put in a "canonical" basis satisfying the positivity of V = C IJK ζ I ζ J ζ K (see appendix B):
There are two terms in the reduced Lagrangian of the form
From the C 000 terms, it follows that
so that the bare graviphoton does not have propagating modes along the fixed planes.
Consider the splitting of the index i = (α, a). We can assign parities to the vector fields (A α µ , A a µ ) and scalars (A α , A a ) such that
keeping in mind that we still must satisfy (3.1). Let us now make a particular choice (since α, a are dummy indices, it doesn't matter which choice we make):
From these parities and the C IJK terms in (3.3), it follows that the components of C IJK satisfy
Once we gauge isometries of the scalar manifold, we can write down the parity assignments of the additional objects appearing in the Lagrangian. Assume throughout that we are gauging a compact group K for simplicity of discussion, and that all vectors (other than the bare graviphoton) are gauge fields so that i, j, k are adjoint representation indices of K. Comments about non-compact gaugings will be made later in the text. Note that now the C ijk are no longer arbitrary, but must be rank-3 symmetric invariant tensors of K.
From the infinitesimal gauge transformations
we require that
where f I JK vanishes if any of the indices correspond to 5D spectator vector fields 3 ; and a structure constant f I JK with indices permuted has the same parity assignment. We choose odd f I JK to be redefined as κ(x 5 )f I JK so that gauge transformations of odd bosonic fields vanish at the orbifold fixed points.
Discussion
In the upstairs picture, we can effect odd parity for components of C IJK by redefining them as ǫ(x 5 )C IJK , where the C IJK are now even. Such components are not well-defined at the fixed points, while the polynomial V characterizing the real scalar manifold is.
However, one may instead redefine the C IJK to be κ(x 5 )C IJK (see 2.2). In the downstairs picture, one may interpret this to mean the components vanish at the boundaries due to degenerations in the gauge bundle over the boundary points. If they are taken to vanish everywhere, the 5D theory one starts with is restricted in the form of its vector and tensor sector from the beginning (see [13, 11] ). As an aside: if the 5D theory arises from compactification of 11D supergravity on a Calabi-Yau space, collapsing CY cycles lead to vanishing intersection numbers, which are the components of the C IJK tensor. In particular, these degenerations can occur over the singular points of the 5D spacetime (i.e., over the orbifold fixed points). In that case, there will generally be massless states coming from membranes wrapping CY 2-cycles, localized at the orbifold fixed points (this is in addition to any brane fields that have support there). We do not assume any string/M-theoretic origins in this paper.
Scalar sector
The cubic polynomial V(ζ) = C IJK ζ I ζ J ζ K is a centerpiece of 5D supergravity since the C IJK determine a MESGT completely (and in particular, V = 1 characterizes the real scalar manifold). Unitarity of a YMESGT requires V > 0 [12] . To maintain this positivity, we require
The ζ I are directly proportional to the embedding coordinates, h I , of the scalar manifold when restricted to V = 1, so that they satisfy P (h I ) = P (ζ I ). The h I (φ) are not generally linear in the scalars φx, so the parity of these fields is not readily apparent. However, since there are n V independent functions h I of n V independent parameters φx (when V = 1), we do know there will be as many even parity φx fields as even h I s, and similarly for odd fields. Of course, we could also argue this based on the supersymmetry transformation laws, which require one φx to have even parity for each A a to form the complex scalars (B.7). Since there must be a linear combination of φx with the same parity as the h I (satisfying the constraint V = 1):
where we denote the appropriate linear combination of scalars by φ (x) . We can split the index I = (0, α, a) as we did for the vector sector of the theory, where α is an index for vector fields with even parity, and a is an index for vectors with odd parity.
From the parity assignments of the C IJK in the previous subsection, we demand that
where h α are functions of a subset of vector multiplet scalar fields, φ χ . The remaining h a are functions of the remaining scalars, φ x (we are making the splitx = (x, χ)). The supersymmetry transformations for the 5D scalars will require that these functions satisfy P (h a ) = +1 (that is, fermions will need the scalars φ x as super-partners). The parities of the tensors
• a IJ and g xy are now fixed (see table 1 ). The 5D gauge transformations of the φx in (B.2) require
Odd parity Killing fields can be redefined as κ(x 5 )K so that the gauge transformations of odd parity bosonic fields vanish at the orbifold fixed points.
There are functions h Ĩ x appearing implicitly in the Lagrangian and supersymmetry transformation laws. They are directly proportional to h I ,x , so that
We will also need to determine the parity assignments of the hĨp to find the assignments for the components of the fermionic λ ip later (p is the flat index of the real scalar manifold). We have already determined the parity assignments for the scalar functions h Ĩ x (see table 1 ). The two sets of functions are related by the n V -bein of the scalar manifold:
where the vielbein satisfy fp x fq y δpq = gxỹ.
Making the index split for the flat scalar manifold indicesp = (p, ρ), we find
We redefine odd fp x to be ǫ(x 5 )fp x . We select even parity assignment for the f p x , which will contribute to the vielbein for the fixed plane theories' scalar manifold. The supersymmetry transformations considered in section 4 then require that f ρ χ have even parity as well. Consequently, we get the parity assignments for the fp x and h Ĩ x in table 1.
Discussion
First, note that the non-zero components K x α in (3.8) are Killing fields of the scalar manifold parametrized by those φx that are fixed-plane propagating. (There will also be new Killing vectors, which are not involved in the gauging, associated with the A I ). The K x α are sections of the tangent bundle over the scalar manifold. There are also non-zero components K χ a , which are a set of sections of the normal bundle over the 4D scalar manifold. In fact, these normal vector fields determine the form of the scalar potential involving the φ x and A a at the fixed points:
where g χψ is the metric determined by the normal bundle connection. Next, let us illustrate the choice of parities of C IJK components with an example. We'll take the MESGT to be of the "generic Jordan" family, with symmetric scalar manifold [12] 
The cubic polynomial for the theory in five-dimensional Minkowski spacetime (pure YMESGTs in 5D have only flat supersymmetric vacua) is V = C IJK ξ I ξ J ξ K , where
with a, b = 2, . . . , n V . However, on M 4 × S 1 /Z 2 , the C IJK can have odd components satisfying jumping conditions (upstairs picture). There is a caveat: at least one h I must have even parity so that it doesn't vanish at the fixed points. Otherwise, the polynomial would vanish leading to an ill-defined theory. In the canonical basis, it is natural for h 0 to have even parity so that we may only give odd parity to the C ijk . Let us give odd parity to h 1 and C 1ij in the current example by redefining C 1ij → ǫ(x 5 )C 1ij . Then the polynomial is
At the orbifold fixed points, the terms with h 1 vanish so that
That is, this has the affect of restricting the 4D complex scalar manifold to the Im(z 1 ) = 0 surface, with the h I still satisfying the condition on the "bulk polynomial" V = 1. In general, 4D N = 1 supergravity theories are in 1-1 correspondence with Hodge manifolds. The 4D N = 1 supergravity theory we obtain from orbifolding is of a special class based on a (not necessarily irreducible) cubic polynomial satisfying V f p (Im(z)) = ρ 3 > 0 (for similar discussion in the N = 2 case via dimensional reduction, see [12] ).
Tensor sector
The coupling of charged tensors to 5D YMESGTs has been discussed in [15] ; we review some of the features in appendix C. Again, we can restrict attention to the dimensionally reduced theory for simplicity (which allows us to discuss x 5 -independent features of the orbifold theory). For more details on the reduction, see [16] .
Let us now restrict the indices M, N, P = 1, . . . , n T to be labeling the tensors; the I, J, K = 1, . . . , n V + 1 will continue to label vector fields. We will also collect the indices intõ I = (I, M ). Consider the ξ 5 transformation of the dimensionally reduced fields B M µν andÃ M µ :
Since the above are only true for transformations connected to the identity, theÃ M µ are not necessarily even under Z 2 action. However, the above do lead to the constraint
componentwise. These two fields do not describe independent propagating degrees of freedom since they are related by a field equation (coming from the fact that the 5D tensors satisfied a "self-duality" field equation [25] reducing the number of propagating modes):
where c M N is proportional to Ω M P • a P N ; ⋆ is the Hodge operator; and the dots indicate terms involving other fields. There are two classes of assignments we can make, characterized by the parity of the symplectic form Ω M N on the vector space spanned by the 5D tensors.
Odd Parity Ω MN
There is a term of the form
in the dimensional reduction of the tensor Lagrangian; from this we find the constraint P (C IM N ) = P (A I ), for all M, N . From the assignments of the A I :
The polynomial V(ξ) should be invariant under the Z 2 action, so
requires P (ξ α ) = −1 (and similarly for the 1-forms dξ α ). The line element for the ambient space should also be invariant under Z 2 action so that P (a IM ) = −P (ξ M ), for all I. The apparent freedom in choosing parity assignments for the ξ M will be removed later. From (C.2), we see that the representation matrices Λ P IN have the parity assignments in table 3. We may redefine odd Λ with either κ or ǫ, though we must redefine odd Λ and odd components of C IM N in the same way. The set of coefficients c M N ∼ Ω M P • a P N consequently have odd parity (a choice that was made in [9] ).
We can redefine the symplectic form to be ǫ(x 5 )Ω M N , where Ω M N is now parity even (redefining it to be κΩ leads to subtleties that we wish to avoid; note also the scalar potential from the tensor sector would vanish at the fixed points). Let P (Ã M µ ) = +1. In the field equations for the vector fieldsÃ M µ , the mass squared matrix is proportional to c P M c P N ; if the self-duality relation is used to express all tensor fields in terms of the vectorsÃ M µ , the mass of theÃ M µ is non-vanishing at the orbifold fixed points. However, there are insufficient fermionic degrees of freedom to form massive N = 1 vector multiplets. Therefore, we must use the field equation to writeÃ M µ → B M µν . Now, these fields can be Hodge dualized to scalars B M by adding a term of the form
to the Lagrangian, where D ρ is the gauge covariant derivative acting on the scalars, and νρ] . From this term, it is clear that the B M will have even parity. We'll then get massive spin-1/2 multiplets if we assign P(h M ) = +1.
Remark : it is inconsistent to try to write the Lagrangian as a mixture ofÃ M ′ µ and B M ′′ µν by splitting the index M since the field equation relating the vectors and tensors mixes the two types of indices; we must choose one type of field to appear in the Lagrangian.
Even Parity for Ω MN
If Ω M N has even parity, then the Z 2 action acts reducibly on the symplectic vector space and projects out half of the bosonic fields. In this case, we will be left with massive N = 1 vector multiplets.
Starting with the term Ω M N dC ∧Ã M ∧Ã N , and making the index split M = (M,M) (corresponding to a split n T = N + N ), we find that the combinationÃ MÃM must be odd (since C µ is). That is,
For the term Ω M N (B M ∧ DÃ N ) to be even, it follows that
Let us make the arbitrary choice that
From the term C M N I (B M ∧B N )A I , the components of the C IM N tensor must have the parity assignments as listed in table 4. From the relationship
, it follows that the representation matrices Λ of the gauge group K have the parity assignments also as listed in table 4. We must redefine odd representation matrices to be κ(x 5 )Λ so that the gauge transformations of odd parity fields vanish at the fixed points. Due to the above relation between C-tensor components and the Λ, we must redefine odd parity components of C IM N to be κ(x 5 )C IM N .
To leave the polynomial V invariant, we require that
We make the arbitrary choice P (h M ) = +1. To leave the line element Consistency with supersymmetry requires that we use the field equation (3.11) to eliminate B M µν from the Lagrangian. Making the arbitrary choice that
these vector fields have a mass matrix
Therefore, the n T /2 vectors, n T spin-1/2 fields, and n T /2 scalars form n T /2 massive N = 1 vector multiplets. Supersymmetry prohibits writing the Lagrangian in terms of the tensors B M µν followed by dualization to scalars since the degrees of freedom would not be sufficient for N = 1 spin-1/2 multiplets.
Tensor multiplet scalar sector
We have already discussed the scalar sector of a pure 5D YMESGT. When tensor multiplets are coupled the scalar manifold is again a real Riemannian space, but which cannot be decomposed globally as a product of "vector" and "tensor" parts. This means, e.g., that the assignments for the fp x , with indices corresponding to both tensor and vector multiplet scalars, are as in table 1. Although we may not make a global separation of vector and tensor scalars, the vector multiplets are associated with the combination h Ĩ x φx, while the tensor multiplets are associated with the independent combination h M x φx. Similarly, the combination of fermions h Ĩ p λp i are associated with vector multiplets, while h M p λp i with tensor multiplets. In contrast to vector multiplet scalars, the tensor multiplet scalars have a potential term in the Lagrangian (see (C.3) ). Now, we can always split the fields of the combined vector and tensor scalar sector into even and odd parity sets, which we denote by φ x and φ χ , respectively. The discussion now splits into two due to the choice of odd or even parity for the symplectic form Ω M N .
Odd Ω MN Since the h M are even, P (h M x ) = +1 and P (h M χ ) = −1. Now, using the scalar manifold vielbein, h
Therefore, P (h M p ) = +1 and P (h M ρ ) = −1. Even Ω MN Since the h M are even, P (h M x ) = +1 and P (h M χ ) = −1. Since the hM are odd, P (hM p ) = −1 and P (hM ρ ) = +1.
Remarks Let us briefly consider the higher dimensional origins of the tensor-coupled theory. String or M-theory can be consistent in singular spaces associated with collapsing CalabiYau cycles, whose intersections provide the components of C IJK in a Yang-Mills-Einstein supergravity theory. We have shown that odd components of C IM N appearing in the coupling of tensors must vanish at the orbifold fixed points when Ω M N has even parity. From a higher dimensional point of view (11D supergravity on a Calabi-Yau space), we cannot ignore the associated collapsing cycles since membranes wrapping CY 2-cycles appear as massless states,and should appear in the supergravity description. Since the collapsing of the cycles occurs over the 5D orbifold fixed points, the new massless states will have support there. Let us continue on in this paper without regard to a higher dimensional theory. See [18] for a discussion of a purely 5D supergravity description of collapsing CY cycles.
Hypermultiplet sector
For a discussion of hypermultiplet coupling in 5D supergravity, see [19] and appendix E. The scalars from n H hypermultiplets parametrize a quaternionic manifold of real dimension 4n H , with tangent space group U sp(2n H ) × U sp(2). The supersymmetry transformations for the scalars and fermions in the hypermultiplets are given in (D.2). The assignments for the fermions will require that half of the hypermultiplet field content is generically projected out of the boundary spectrum. Therefore, let us split the indexX = (X, Ω), where X = 1, . . . , 2n H and Ω = 1, . . . , 2n H . Since these are dummy indices, we can assign even parity to either subset of qX . Let's choose
From the gauge transformations of the scalars in (E.1), we find the parity assignments for the quaternionic manifold Killing vectors (see table 5 ), where Kx I = 0 for K-singlet values of I. The scalars from hypermultiplets have a potential term in the Lagrangian 13) whose form at the fixed points follows from the parity assignments we have listed.
Summary of Results
A summary of the bosonic parity assignments admitted in N = 2 5D supergravity is contained in tables 1-5. Tables 1 and 2 : Parity assignments for MESGTs and YMESGTs. Indices split:x = (χ, x); I = (0, α, a). 
f Ω 1n f Ω 2ñ Table 5 : Parity assignments YMESGT coupled to hypermultiplets Indices split:X = (X, Ω); I = (0, α, a).
Fermionic fields
The fermionic fields in the theory that are charged under global SU (2) R can be written as symplectic-Majorana pairs (see appendix A). Let the supersymmetry parametersǭ i , the gravitini Ψ i µ , and the spin 1/2 fields λp i be
From the (naive) dimensionally reduced supersymmetry transformations
we find that
respectively. Written out explicitly, these constraints are
Together, these imply that P (η) = P ({α This means that there are two classes of fermionic parity assignments, which we will take to be determined by the choice of assignments for the supersymmetry parameters ǫ i . However, one of the classes yields two helicity 1/2 (or −1/2) states whose Dirac conjugates do not have support at the orbifold fixed points. This violates the CPT theorem. The other class of assignments describes a helicity 1/2 state and its helicity −1/2 CPT conjugate. The assignments for the components of ǫ i and Ψ i µ are listed in table 6. From the dimensionally reduced susy transformation
Writing this out in terms of 2-component spinors, we find
so that the components of Ψ 5 i have the parity assignments in table 6 . From the dimensionally reduced susy transformation
we find P (h We have determined the parity assignments for the functions hĨp and fp x (see table 1 ), so that we arrive at the following constraints
Consequently, we find the assignments for the components of the λp i as in table 6 . 
This implies that P (ξ
so that half of the fermionic degrees of freedom from the hypermultiplets are projected out at the fixed plane. It then follows that
for all X; and opposite signs for X → Ω. The fermionic assignments are only consistent if
for all X. Therefore P (ζ
In fact, it turns out that only the parity assignments for the fX iA in table 5 and assignments for the ζ A in table 6 are consistent.
Supermultiplets appearing in Γ = Z 2 case
Consider a YMESGT in five dimensions with gauge group K, with all vector fields in the vector multiplets being gauge fields, and the bare graviphoton A 0 being a singlet (unless the group is non-compact or a subgroup of SU (2) R is gauged). At the fixed points (upstairs picture), the fermions satisfy jumping conditions and so don't have a well-defined limit. In the downstairs picture, the fermions will have a well-defined limit at the boundaries. In the downstairs picture, the fermions in (4.1) can be written at the boundaries as
The susy transformations of the vectors A I µ involve the combination h Ĩ p λp i , while that of the tensors B M µν involves the combination h M p λp i . At the fixed points, the A α µ transform into a linear combination of λ ρ 1 and λ ρ 2 since h α p vanishes there. One can do a similar analysis for the other fields.
Then the multiplets with support at the fixed points will be Multiplet Representation Type
where the z I are as in (B.7). The second to last multiplet consists of a chiral multiplet in a real representation and its CPT conjugate. The case where there are 5D spectator vector multiplets should be clear. What happens when a non-compact group is gauged? If the non-compact gauge fields were assigned even parity, then a non-compact gauge group would appear in the 4D theory. However, there would not be the proper degrees of freedom to give a ground state with compact gauge symmetry since the scalar degrees of freedom A I needed to form massive N = 1 vector multiplets must have odd parity. Therefore, the non-compact gauge fields must be assigned odd parity. We will then get N = 1 chiral multiplets in the coset K/H, with H the maximal compact subgroup of K. Since these multiplets furnish representations of the noncompact isometries of the scalar manifold, there are non-vanishing Killing fields appearing in the scalar potential (3.10). The non-singlet scalars, denoted by Aâ, thus generally have a mass term.
If we couple a 5D YMESGT to hypermultiplets in the quaternionic R H [K] of the gauge group, the multiplets with support at the fixed points will be Multiplet Representation Type
That is, we get a left-chiral multiplet and its CPT conjugate.
Example Consider the unified YMESGT 4 with SU (5, 1) gauge group, whose vector fields are in 1-1 correspondence with the traceless elements of the Lorentzian Jordan algebra J C (1,5) [20] . All of the vector fields of the 5D theory (including the bare graviphoton) are involved in this gauging. As pointed out in [21, 20] , the dimensionless ratio g 3 /κ is quantized, where g is the non-abelian gauge coupling and κ is the gravitational coupling. The C IJK tensor is a rank-3 symmetric invariant of the gauge group, so its components are proportional to the d-symbols of SU (5, 1). In the subgroup SU (5) × U (1), the graviphoton gauges the U (1) factor, which does not survive orbifold projection.
We can now couple hypermultiplets whose scalars parametrize the quaternionic manifold
to the MESGT based on J C (1,5) , gauging the common SU (5, 1) subgroup. Then the fivedimensional ground state would have at most an SU (5) × U (1) gauge group coupled to hypermultiplets in the 1 ⊕ 5 ⊕ 10. We may then make the following assignments (in terms of SU (5) reps)
The 4D low energy effective theory (LEET) will have SM gauge multiplets; weak doublet and color triplet chiral multiplets both with a scalar potential term; and left-chiral matter multiplets (including sterile fermion multiplet) along with their right-chiral conjugates. There is also the generic singlet left and right-chiral multiplet coming from the 5D supergravity multiplet, and chiral multiplets in the symmetric space SU (5)/SM . The C abc and C aαβ components in this case vanish since there aren't any singlets in the index a; we are left with C 000 = 1, C 0ab = − 1 2 δ ab and C 0αβ = − 1 2 δ αβ (and C αβγ = Dd αβγ , the d-symbols of the SM gauge group) in the canonical basis (3.2). ⊔ When the 5D theory is coupled to charged tensor multiplets, they form a reducible, real representation n T = N ⊕ N of the gauge group. The multiplets that will have support on the fixed planes depend on the choice of parity for Ω M N .
The notation for the representation means that the gauge group at the fixed points must support a real N. Let's illustrate this with an example.
Example
The minimal example in which one is left with a group containing SM is where the 5D gauge group is SU (10) × U (1). Starting with the unified MESGT defined by the Lorentzian Jordan algebra J C (1,10) and with SU (N, 1) global symmetry of the Lagrangian, we can gauge the SU (10) × U (1) subgroup, yielding tensors in the 10 ⊕ 10. If the symplectic form has even parity, then the orbifold conditions require the group to be broken to at least SO(10) × U (1), under which we have massive vector multiplets in the (real) 10. There are also chiral multiplets from the broken gauge multiplets forming the 54, along with their CPT conjugates.
This multiplet consists of a chiral multiplet in a real representation and its CPT conjugate.
Consider the unified 5D MESGT based on the Lorentzian Jordan algebra J C (1,5) , whose global symmetry group is SU (5, 1) [20] . We can couple this theory to hypermultiplets whose scalars parametrize the particular scalar manifold (5.1). If we gauge the common SU (5) × U (1) ⊂ SU (5, 1) subgroup, we will get SU (5) × U (1) gauge multiplets, along with tensor multiplets in the 5 ⊕5 and hypermultiplets in the 1 ⊕ 5 ⊕ 10. This is then similar to the ground state theory in the SU (5, 1) gauging example before, but with some important differences; one of which being that the 5D bare graviphoton A 0 µ does not take part in gauging the isometries of the scalar manifold. We can make the assignments
The propagating modes along the fixed planes will be SU (3) × SU (2) × U (1) 2 gauge fields; weak doublet (Higgs) chiral multiplets; color triplet chiral multiplets; and left-chiral matter multiplets (including a sterile fermion multiplet) with their CPT conjugates. Again, there is also the generic singlet spin-1/2 multiplet coming from the 5D supergravity multiplet, and chiral multiplets in the symmetric space SU (5)/SM . All of these multiplets are tree-level massless, while the scalars in the 5⊕5 have a potential term. Note that, since the graviphoton is not involved in the gauging of the U (1) factor, there can be an extra U (1) in the remaining gauge group. We could choose to break this U (1), giving the SM gauge group.
Extension to
There are a couple of phenomenological issues that make the S 1 /Z 2 orbifold models too simplistic. First, there are always massless chiral multiplets in real representations when a gauge group is broken at the orbifold fixed planes (though these may contain MSSM Higgs fields). Second, all chiral multiplets come in complete representations of the 5D gauge group, which can lead to unwanted fields charged under the Standard Model gauge group. The boundary conditions described by an S 1 /(Z 2 × Z 2 ) [22] construction are for the most part capable of resolving these issues.
An exception is the tensor sector: although there is a choice in assignment of parity for the symplectic form Ω M N , we cannot assign (+−) parity under Z 2 × Z 2 action (it leads to inconsistencies of assignments for the fields). Furthermore, given a choice of Ω M N parity, there wasn't a choice of parity assignments in the Γ = Z 2 case since supersymmetry dictated the results. Therefore, the situation with tensors is no different in the S 1 /Z 2 × Z 2 construction. This means that, e.g., tensor multiplets do not allow a doublet-triplet resolution via parity assignments (see the example at the end of the previous section).
Vector sector
Let P (Φ) be the parity of Φ under the first Z 2 factor, and P ′ (Φ) denote the parity under the second factor. Taking the covering space to be [−πR, πR] (with {−πR} ≡ {πR}) as before, the orbifold now has fixed points at {0}, {πR/2}. In the previous sections, we made an index split for quantities with ±1 parity under the single Z 2 . We will make a further index splitting for quantities with the four possible values {±1, ±1} for the parity {P (Φ), P ′ (Φ)}:
Assignments will consist of the union of assignments for the S 1 /Z 2 orbifold. Fields from the 5D vector multiplets will have the following assignments:
Note: the bare graviphoton A 0 µ always has (−−) parity (so A 0 has (++) parity). The range of the indices α, α ′ , a, a ′ are arbitrary.
The fields with (+−) or (−+) eigenvalues have massive n = 0 modes on the fixed planes for the same reason that any Kaluza-Klein field does: there is excitation in the x 5 direction. In the low energy effective theory, such fields will fall into massive N = 1 multiplets in four dimensions due to terms in the Lagrangian with ∂ 5 Φ − .
In contrast to the S 1 /Z 2 construction, we can now remove all massless chiral multiplets in real representations by choosing there to be no a ′ , p ′ indices. In that case, no fields from the 5D vector multiplets are completely projected out of the boundary spectra of propagating modes. Alternatively, we can keep a subset of those massless chiral multiplets (in a real representation) such that they no longer furnish complete K-representations. We can summarize the results in a table. We have decomposed the representation
Let's revisit the SU (5, 1) example based on the Lorentzian Jordan algebra J C (1,5) . We can obtain chiral multiplets (with a scalar potential) in the (1, 2) ⊕ (1,2) of SU (3)× SU (2)× U (1) (along with a spin-1/2 gauge singlet multiplet). Let the indices correspond to: U (1) (1, 2) ⊕ (1,2) (3, 1) ⊕ (3, 1) N/A (1,1) ⊕(3, 2) ⊕ (3, 2)
The A α µ correspond to Standard Model gauge fields propagating on both fixed planes; the remaining vector fields either sit in massive multiplets, or are simply projected out. In particular, we take the A α ′ µ to be the (3, 2) ⊕ (3, 2) vectors (X, Y bosons) and color triplet vectors (3, 1) ⊕ (3, 1) , which will propagate in massive supermultiplets in the effective theory of the y = 0 plane. This implies that massive spin-1/2 multiplets in the ((3, 2)⊕ (3, 1) )⊕ (c.c.) will propagate in the effective theory of the y = πR plane. Next, let the A a ′ µ denote the vectors in the (1, 2) ⊕ (1,2), which means there will be chiral multiplets in this representation at both fixed planes (with scalar potential terms). Finally, we get conjugate pairs of massless chiral gauge singlet multiplets from the 5D supergravity multiplet. There are no fields with index a in this example. Once again, the 5D Yang-Mills and gravitational couplings satisfy the dimensionless relation
Hypermultiplet sector
So far, we have not been able to obtain massless chiral multiplets in complex representations of the boundary gauge group. Once again, the only way to do this (starting only from a 5D bulk theory) is to couple 5D hypermultiplets. We can make an index split as in the previous cases:
where the fields have the following parity assignments under Z 2 × Z 2 :
The fields with (+−) and (−+) eigenvalues have massive n = 0 modes, and so should fall into massive spin-1/2 multiplets. Therefore, the indices n andñ are required to be in 1-1 correspondence as are the indices n ′ andñ ′ . However, there is no constraint between unprimed and primed indices, and each pair has an arbitrary range. If K is the 5D gauge group, and K α is the boundary gauge group, the K α -representations of the massless chiral multiplets at the boundaries no longer need to form complete Krepresentations.
We can summarize the results for the hypermultiplets in a table. Start with n H 5D hypermultiplets in the R H [K] of the 5D gauge group K. Let the gauge group at the orbifold fixed points be K α so that under this group, the R H [K] decomposes into the representation
where the indices 1 and 2 denote the splitting ofX into (X, X ′ ). At the fixed points, the hypermultiplets split into chiral multiplets with indices split into (X, Ω ′ ; X ′ , Ω), and are in the representations
Example Consider the SU (5) YMESGT with C IJK as in ( 3.2) (where C ijk are the d-symbols of SU (5)), coupled to the minimal amount of Higgs and matter content in the bulk. This can be realized by coupling the YMESGT to hypermultiplets whose scalars parametrize the quaternionic manifold 5
, resulting in a coupling of n sets of hypermultiplets in the 1 ⊕ 3(5) ⊕ 10 of SU (5) [11] . Suppose we are going to break SU (5) → SU (3) × SU (2) × U (1); focussing on the hypermultiplet sector, we can make the following assignments
This will result in a LEET at both fixed points with Standard Model chiral matter multiplets; a pair of left-chiral Higgs doublets and their CPT conjugates; and a pair of massive spin-1/2 color triplet multiplets, all at both boundaries. The C abc and C aαβ components are once again vanish since there aren't any singlets in SU (5)/SM ; we are left with C 000 = 1, C 0ab = − 
Conclusion
We have found parity assignments for fields and other objects in five-dimensional Yang-MillsEinstein supergravity coupled to tensor and hypermultiplets. The results are collected in 5 By allowing an additional singlet hypermultiplet, we can instead couple the exceptional scalar manifold E 8 SU (6)×SU (2) . tables throughout the paper. This is useful for ultimately understanding the theory at the boundaries as well as the low energy effective theory. We have not considered boundary localized fields, which would arise from p-branes located there, or states becoming massless due to membranes wrapping cycles that collapse there. We have allowed for general gauge symmetry breaking K → K α , which can arise via Wilson lines or boundary conditions.
Five-dimensional tensor multiplets can yield 4D N = 1 chiral multiplets with a scalar potential (admitting supersymmetric Minkowski ground states). Since they appear in real representations, they are potential Higgs multiplets. However, we are stuck with complete K-representations. Therefore, we cannot use boundary conditions to make unwanted representations massive (which was one of the original motivations for field theory orbifold models).
A novel feature of supergravity theories is that one can gauge a non-compact group. The vectors representing the non-compact generators must be given odd parity, yielding a 4D compact gauge group and chiral multiplets in real representations. There is a potential serving as a mass term for the scalars in these chiral multiplets (admitting supersymmetric Minkowksi ground states with vanishing scalar vev).
Bulk hypermultiplets can lead to chiral multiplets in complex representations. The bulk minimal coupling to gauge fields yields another potential for scalars in the YMESGT sector. In the case of 5D non-compact gauging, this provides another mass term for these scalars. Furthermore, there is a potential for the scalars from the hypermultiplets; in the case of non-compact gauging, there is a mass term for these scalars as well.
Non-compact gauging in orbifold-GUTs thus leads to Higgs and matter masses in a new way. Of course, one is left with the usual problem of breaking supersymmetry while fixing an appropriate vev for the Higgs scalars. In the supergravity orbifold-GUT scenarios at hand, there are gauge-and gravity-mediated breaking scenarios available.
Future Directions
We will examine some issues regarding symmetry breaking, anomalies, and the presence of the singlet scalars appearing in the Lagrangian. We will describe the circumstances under which they admit an axionic interpretation. Now that parities of various objects appearing in supergravity have been listed, we can examine the terms in the Lagrangian, including ∂ 5 Φ terms and some of the fermion interactions that were mostly neglected here. In the upstairs picture, as in the case of simple supergravity [8] , this will result in a bulk Lagrangian along with terms supported only at the orbifold fixed points. In the downstairs picture, this simply corresponds to a 5D Lagrangian with boundary conditions on the fields. We will also examine the supersymmetry transformation laws for the fields in the presence of orbifold fixed points, which will lead to a study of global solutions to the Killing spinor equations. Much work has been done using such an analysis in the case of gauged simple supergravity (see e.g. [8] and references therein), mostly in the context of braneworld scenarios.
B. 5D N = 2 Yang-Mills-Einstein Supergravity [?] An N = 2 5D Maxwell-Einstein supergravity theory (MESGT) consists of a minimal supergravity multiplet and n V vector supermultiplets. The total field content is
where I = (0, 1, ..., n V ) labels the graviphoton and vector fields from the n V vector multiplets; i = (1, 2) is an SU (2) R index; andp = (1, ..., n V ) andx = (1, ..., n V ) label the fermions and scalars from the n V vector multiplets. The scalar fields parametrize an n V -dimensional real Riemannian manifold M R , so the indicesp,q, . . . andx,ỹ, . . . may also be viewed as flat and curved indices of M R , respectively. Introducing (n V + 1) parameters ξ I (φ) depending on the scalar fields, we define a cubic polynomial
where C IJK is a constant rank-3 symmetric tensor. This polynomial defines a symmetric rank-2 tensor a IJ (ξ) = − 1 3
The parameters ξ I can be interpreted as coordinate functions for an (n V + 1)-manifold, which is called the ambient space. The tensor a IJ , which may have indefinite signature, defines a metric on this space. However, the coordinates are restricted via V(ξ) > 0 so that the metric is positive definite, which means that the manifold is Riemannian. The equation V(ξ) = k (k ∈ R) defines a family of real hypersurfaces, and in particular V(ξ) = 1 defines a real n V -manifold corresponding to the scalar manifold M R . The functions h I and h Ĩ x that appear in fermionic terms of the Lagrangian and susy transformations are directly proportional to ξ I | V=1 and ξ I ,x | V=1 , respectively; the h I are essentially embedding coordinates of M R in the ambient space.
We can denote the restriction of the "ambient space" metric to M R as:
The metric of the scalar manifold is the pullback of the restricted ambient space metric to
Both of these metrics are positive definite due to the constraint V > 0 we imposed. The C IJK tensor completely determines the MESGT Lagrangian. Therefore, the global symmetry group of the Lagrangian is given by the symmetry group, G, of this tensor, along with automorphisms of the N = 2 superalgebra: G × SU (2) R . Since G consists of symmetries of the full Lagrangian, they are symmetries of the scalar sector in particular, and therefore isometries of the scalar manifold M R : G ⊂ Iso(M R ) (the SU (2) R action is trivial on the scalars). The full Lagrangian, however, is not necessarily invariant under the full group Iso(M R ).
A subgroup K ⊂ G may then be gauged if n V +1 ≥ dim [K] . The bosonic fields transform as follows under infinitesimal K-transformations parametrized by α:
where Kx I are a set of n V Killing vectors on the scalar manifold parametrized by the φx; and f I JK and α I vanish if any index corresponds to a spectator vector field 6 . Now the C IJK must be a rank-3 symmetric invariant of K. If K is compact, then this reduces to C ijk being a rank-3 symmetric invariant. Therefore, if K is semi-simple and i, j, k are adjoint indices, then only K = SU (n V ) will have a non-zero C ijk ; otherwise we must allow U (1) factors, introduce spectator vectors, or introduce charged tensor fields. This is important if we happen to want non-trivial C ijk with gauge group K = E 6 or SO(10), for example.
The 5D bosonic YMESGT Lagrangian iŝ
where hats indicate five-dimensional quantities andê is the determinant of the fünfbein. Thê 6 If we gauge a compact group, there is always at least one singlet (spectator) vector field, which can be identified as the graviphoton. In the "upstairs" orbifold construction, one starts with a 5D theory, and compactifies on S 1 . It is sufficient for our purposes to use the dimensionally reduced theory, consisting of those fields satisfying ∂ 5 Φ = 0. This captures the zero modes of the theory on M 4 × S 1 /Z 2 . We will simply write our conventions in the dimensional reduction here.
We choose the parametrization for the fünfbein to bê em µ = ρ with the remaining fields invariant. We may interpret ξ 5 (x) as a parameter for local U (1) transformations, for which C µ is a gauge field. Usually, one makes a local field redefinition, making A I µ , Ψ i µ , Γ µ Kaluza-Klein invariant. However, the orbifolding removes the need for this. The dimensionally reduced Lagrangian can be written in terms of a Kähler scalar manifold with complex scalars
More details of the dimensional reduction to 4D N = 2 supergravity can be found in [24] .
C. YMESGTs coupled to tensor multiplets [15] When a MESGT with n V abelian vector multiplets is gauged, the symmetry group of the Lagrangian is broken to the gauge group K ⊂ G. The n V + 1 vector fields decompose into K-reps n V + 1 = adj(K) ⊕ non-singlets(K) ⊕ singlets(K).
Such a gauging requires the non-singlet vector fields to be dualized to anti-symmetric tensor fields satisfying a field equation that serves as a "self-duality" constraint [25, 15] (thus keeping the degrees of freedom the same): where c M N has dimensions of inverse mass; square brackets denote anti-symmetric permutations; and ellipses denote terms involving other fields. A tensor field does not require an abelian invariance to remain massless.
When tensors are present, we will use indices I, J, K for 5D vector fields and M, N, P for 5D tensor fields. To be consistent with the gauge symmetry, the components of the C-tensor are constrained to be: 2) where Ω N P is antisymmetric and Λ P IM are symplectic K-representation matrices appearing in the K-transformation of the tensor fields: δ α B M µν = α I Λ M IN B N µν . Furthermore, C IJK must be a rank-three symmetric K-invariant tensor. Note: We are assuming a compact or nonsemisimple gauge group K; see [17] for more general couplings where C M IJ = 0.
The terms in the bosonic 5D Lagrangian involving tensors are The presence of non-trivially charged tensors introduces a scalar potential P (T ) that was not present in the case of pure YMESGTs. The term in the Lagrangian is
In the dimensional reduction, we parametrize the tensor field aŝ
where tildes have been used to help distinguish from vector fields coming from 5D vectors. The B M µν should then be redefined to obtain a Kaluza-Klein invariant field. However, the orbifolding removes the need for this. Details of the dimensional reduction of the tensor sector are presented in [16] .
D. Coupling to hypermultiplets [19]
The scalars qX (X = 1, . . . , 4n H ) of n H hypermultiplets parametrize a 4n H -real-dimensional quaternionic scalar manifold M Q with tangent space group U sp(2n H ) × U sp (2) . The 4n Hbein fX iA relate scalar manifold curved and flat space metrics with D µ the covariant derivative associated with the tangent space Lorentz and U sp(2n H ) × SU (2) connections.
